In this paper we propose a very special relativity (VSR)-inspired description of the axion electrodynamics. This proposal is based upon the construction of a proper study of the SIM(2)-VSR gauge-symmetry. It is shown that the VSR nonlocal effects give a health departure from the usual axion field theory. The axionic classical dynamics is analysed in full detail, first by a discussion of its solution in the presence of an external magnetic field. Next, we compute photon-axion transition in VSR scenario by means of Primakoff interaction, showing the change of a linearly polarized light to a circular one. Afterwards, duality symmetry is discussed in the VSR framework.
effects are responsible to engender massive effects. In this sense, we shall focus in exploring features of VSR [10, 11] in this paper.
The cornerstone from the VSR proposal is that the laws of physics are not invariant under the whole Poincaré group but rather under subgroups of the Poincaré group preserving the basic elements of special relativity, but at the same time enhancing the Lorentz algebra by modifying the dynamics of particles. In particular, within this proposal, it is useful in the realization of VSR the use of representations of the full Lorentz group but supplemented by a Lorentz-violating factor, such that the symmetry of the Lagrangian is then reduced to one of the VSR subgroups of the Lorentz group. These effects can then be encoded in the form Lorentz-violating terms in the Lagrangian that are necessarily nonlocal.
As an example, one can observe that a VSR-covariant Dirac equation has the form
where the wiggle operator is defined such as∂ µ = ∂ µ + 1 2 m 2 n.∂ n µ , with the chosen preferred null direction n µ = (1, 0, 0, 1) so that it transforms multiplicatively under a VSR transformation. So, by squaring the VSR-covariant Dirac equation we find
We thus immediately realize that conservation laws and the usual relativistic dispersion relation are preserved; moreover, an interesting observable consequence of VSR that is to provide a novel mechanism for introducing neutrino masses without the need for new particles [11] . Moreover, the VSR parameter m sets the scale for the VSR effects.
Let us now explain how axion dynamics can be defined in order to encompass Lorentz violating effects. Due to its sensitive tests, photons are always good candidates as test particles in order to probe a physical system [12] . In this sense, we can explore the fact that axions can be converted to photons and vise-versa in the presence of magnetic fields [13] [14] [15] [16] [17] in order to detect modifications in the axion dynamics, more precisely to probe prominent VSR effects in the theory's dynamics in a significant and novel manner.
As it concerns our interest, VSR-effects have been discussed in the context of electromagnetic theories: Abelian and non-Abelian Maxwell theories [18, 19] , Chern-Simons theory [20] [21] [22] [23] ,
Born-Infeld electrodynamics [24] and higher-spin gauge fields [25] [26] [27] . So, in this paper, we shall consider the conversion of photons into axions in the presence of a background magnetic field, in the sense of Primakoff effect, where the VSR will play a part in the photon and axion sectors and will be responsible to engender massive nonlocal effects. It should be stressed that there are ongoing efforts in order to establish axion effects due to an electromagnetic probing [28] [29] [30] [31] .
In this paper, we will examine the Axion electrodynamics in a VSR setting. We start Sec. II by establishing the VSR-axion electromagnetic dynamics main aspects and reviewing the SIM(2)-VSR gauge invariance, which allow us to determine the VSR-modified Abelian field-strength to be used in our analysis. Moreover, we do first compute the solution for the axion field θ in the presence of an external magnetic field in terms of a plane wave solution. In Sec. III, we compute explicitly the VSR photon-axion transition rate in a Primakoff framework, showing the change of a linearly polarized light to a circular one. Afterwards, in Sec. IV duality symmetry for the VSR axion electrodynamics is established. In Sec.V we summarize the results, and present our final remarks.
II. VSR AXION MASS
We define the Lagrangian for the axion electrodynamics without source term in VSR as given by
where κ is the dimensionful parameter characterizing the strength of the axion-photon coupling, θ(x) is a pseudo-scalar field known as the axion-like field, wiggle derivative is defined as before
n·∂ n µ ,F µν andG µν = 1 2 ǫ µνρσF ρσ are the field-strength the dual field-strength, respectively. The axion electrodynamics in Lorentz invariant case admits a new internal (gauge) symmetry of the axion-electromagnetic field Lagrangian due to duality transformation [36] , between the axion field and the gauge potential, which in turn leads to a conserved current. We discuss this point from a VSR perspective in later section IV.
Notice the absence of a potential for the axion field. The θF µνG µν term is responsible to provide a solution the strong CP problem, known as Peccei-Quinn solution. It is also known as the effective potential for the axion field, and it is related to the axion mass m 2 a = ∂ 2 V eff ∂θ 2 , generated due to the spontaneous breaking of the U (1) P Q symmetry. As discussed before, we replace this mechanism by VSR nonlocal point-of-view defined in (3), which encompass Lorentz violating effects and are responsible to engender mass for the axion field in such a way that the axion mass has nothing to do with axion-photon coupling κ. 
, where δA µ = ∂ µ Λ. On the other hand, the raw field-strength F µν does not coincide with the wiggle operator
However, we can realize that the difference between the raw and wiggle field-strength must be gauge invariant as well. So that the wiggle in terms of the usual derivative can be written as
which is gauge invariant and it will be used to describe massive gauge fields.
Lagrangian (3) will now be extensively explored in order to establish some features concerning axion physics, basically it describes how axions can be converted into photons, and vice versa.
This basic process, known as Primakoff process, arising from the electromagnetic anomaly and expressed in the effective interaction with coupling constant, underpins many constraints on axions.
First, we will determine solutions for the axion field equation in the presence of an external magnetic field, that can work as a source axion produced in laboratory due to the conversion of photons into axions, which might be seen as an inverse Primakoff process [17] . In the next section, Sec. III, we will discuss axion-photon interaction via direct Primakoff process, in which we observe the variation of the polarization state of a light wave interacting with the axion field in the presence of an external magnetic field [16] .
The sourceless dynamical field equations can be obtained from (3), and for the electromagnetic and axion fields they read∂
where the differential identity˜ = + m 2 and the Bianchi identity∂ µG µν = 0 have been used.
Please notice the presence of massive excitations in (6) that are engendered by VSR effects. If we now make use of the definitions for the electric and magnetic fields E i =F i0 and B i = 1 2 ǫ ijkF jk , respectively, we have∇
In the VSR setting,∂ µG µν = 0, the complementary electromagnetic field equations read
In order to establish the framework of observing axions produced due to a electromagnetic wave we consider a strong uniform background magnetic field B 0 , orthogonal to the wave propagation. This can be achieved by means of
where F ext µν represents the external magnetic field. In this context the field equations Eqs. (7)-(9) are written as
It is important to emphasize that here, the axion mass m is entirely due to VSR effects, and has nothing to do with axion-photon coupling κ. Furthermore, in this setting, Eqs. (13) and (14), both photon and axion fields have the same mass, displaying screened profiles.
A simple setup to determine the solution for the axion field is to take it propagating along thex direction, φ (x, t). Moreover, we can decompose the electric field E into components perpendicular E ⊥ and parallel E to the external field B 0 , respectively. Within this framework, we get the following coupled field equations
Notice that the perpendicular component E ⊥ do not couple to the axion field.
By simplicity, we can also consider that the background magnetic field B 0 is limited to a region 0 ≤ x ≤ L, while is vanishing outside this region. In this case, we easily see that we can represent the axion field as free plane waves in the noninteracting regions [17] .
Now in the interacting region we can make use of the plnce wave decomposition
We then get
where we have definedω
2 . A solution to the axion field θ in this case read
where
It is important to notice that this solution exists provided ω and ω m satisfy the condition
In particular, if we realize that n · k = ω we can write
where we have identified a = 2ω showing a damped behavior of the plane wave in the given region in both solutions. The real and complex dispersion relations read
where Ξ = 2a
So general solutions for the axion field, satisfying (17) , in the free and interacting regions with the background magnetic field are
All the amplitudes in this solution can be uniquely obtained by imposing the continuity condi-
The axion field solutions (26) represent waves outgoing from the interaction region.
A possible use of the solutions (26) is to get an estimate of the axion flux density attainable from an artificial source [17] . This can be achieved by solving the axion and "electric field"
coupled equations iteratively, Eqs. (19) and (20), starting from the decoupled equations and considering the first-order contribution in κ onto the axion field. This results into
where E e = E 2 0 /2 is the irradiance of a linearly polarized electromagnetic wave (Poynting vector).
In turn, Eq.(28) can be applied to estimate possible production by electromagnetic fields of general axion-like particles, and to collect general information on axion parameters, e.g. their masses and coupling constants. However, it should be notice that within VSR framework both photon and axion masses have the same origin and are strictly the same, i.e. due to Lorentz violating effects in VSR, see Eqs. (15)- (17) .
In particular, it should be emphasized that bounds on photon mass m γ ≤ 1.8 × 10 −14 eV [32] are much more stronger than those in axion mass m a ≤ 1 × 10 −2 eV [33] . Since, both the masses have the same signature, the stringent bound on photon mass can also be imposed onto the axion's as well.
III. VSR PHOTON-AXION TRANSITION
We turn our attention to the analysis of photon production due to an axion source. In the presence of a magnetic field, the Primakoff interaction between axions and photons allows for the vacuum to become birefringent and dichroic [16, 34] . These effects cause the polarization plane of linearly polarized light to be rotated as it propagates.
In order to investigate the phenomenon, we proceed to compute the photon-axion conversion rate in the VSR scenario. For this matter, we return to the equations of motion (5) and (6), but written now in terms of the vector potential A instead of the electric field E. In our analysis we consider the radiation gauge, A 0 = 0 and ∇ · A = 0. Thus, keeping only linear terms in A and θ, the classical field equations are written as
Moreover in the small perturbations ω ≈ k regime (i.e. a WKB limit where we assume that the amplitude varies slowly), we find the linearized system of equations
where we have once again decomposed the potential A into components perpendicular A ⊥ and parallel A to the external field. If we introduce a vector
and identifyω = ω − m 2 2ω , we can rewrite the above equations, Eqs. (31)- (33), in a more suitable Schrdinger-like form
where we have defined M as the mixing matrix.
In order to highlight the VSR effects, let us consider the photon-axion conversion by considering that the axion can only convert in the parallel component A . Hence,
Usually the diagonal term involving the vector potential A is related to its effective mass due to the Euler-Heisenberg effective Lagrangian, plasma effect (since, in general, the photon does not propagate in vacuum) and Cotton-Mouton effect, i.e. the birefringence of gases and liquids in presence of a magnetic field, so that ∆ = ∆ V SR + ∆ EH + ∆ plasma + ∆ CM [34] , that is it receives further contribution than the VSR one ∆ V SR = m 2 2ω . However, we can see that a photon effective mass is naturally encompassed in the VSR framework, as well as the axion. On the other hand, this might be seen as its bare mass, being corrected by further effects as mentioned. Now, to compute the photon-axion conversion probability we must first diagonalize the above mixing matrix, whose eigenvalues read
However, in the bare case, i.e. taking into account solely VSR effects, we have that
This give us the following simple relation
in which we can assume that the above matrix is diagonalized through an orthornormal trans-
where ϕ is the mixing angle. We thus obtain the following solution for the axion θ 0 and photoñ
A (x) = cos ϕ sin ϕ e
With the solutions in hands, we can easily compute the probability of oscillation of a photon after make a distance x starting from the initial state, in which we consider the initial state as θ 0 (0) = 0 and A (0) = 1. Hence, the photon-axion conversion probability can be evaluated as
We can characterize the transition by introducing the oscillation length ℓ osc = 2π/∆ osc , where the oscillation wavenumber reads
Some remarks are in place. Now, in general, if we had ∆ a = ∆ , we would have
Notice that a complete transition between a photon and an axion is only possible when the mixing is maximal, i.e. when ϕ = π/4. However, in our case, notice that due to VSR effects we have the equality ∆ a = ∆ , which implies
This shows that in the VSR framework we naturally have the strong mixing regime: ∆ osc = 2∆ m .
Hence, the transition rate (43) is written in its final form
Since only one of the photon components can mix with the axion, in our case A , so the photon-axion conversion can affect polarization of the photon. This can be analyzed by means of the Stokes parameters [35] I
The degree of polarization can be readily defined in terms of such parameters, the circular polarization reads
while the linear polarization is
In the VSR case, we have that the photon circular polarization is
where I 0 , Q 0 , U 0 represent the initial Stokes parameters, we took V 0 = 0 in the above relation.
We then explicitly see that in the VSR framework the change of linearly polarized light to be rotated in the Eq. (50) is due to the Primakoff interaction.
IV. DUALITY SYMMETRY AND CONSERVED CURRENT FOR VSR AXION
In order to conclude our discussion, we shall now present an analysis of the duality symmetry of the axion electrodynamics [36] but now in the VSR framework. It is well known that the sourceless dynamical field equation for the electromagnetic field and their complementary field equations without axion field is invariant under SO(2) rotation by an angle ζ,
Now, to analyze the duality symmetry in the VSR modified axion electrodynamics Eq. (3), we apply the SO(2) transformation with ζ = π/2 in Eq. (5)
This leads to the new following set of field equations
We can obtain the gauge field equations of VSR axion electrodynamics theory by defining the electric and magnetic fields in terms of a new gauge potentialÂ µ as B + κθE ≡B =∇ ×Â,
Notice the use of the wiggle derivatives in the above definition. In order to study the conserved current of axion electrodynamics in VSR, we consider that the vector field has the following configuration
where A x depends on time only, while B x is a constant and equal to the magnitude of the magnetic field,∇ × A = B xî . In this scenario, the action describing the axion electrodynamics for θ and the field A x in VSR is 2
The equations of motion for A x and θ are given, respectively, by
Here, we observe that the mass terms appear naturally due to VSR effects, without the need of a potential term. The action (56) is invariant under the following gauge symmetry:
where η is an infinitesimal (dimensionless) constant parameter. It is important to emphasize that in the usual framework the transformations (58) are a symmetry of the action (56) only when one of the two conditions are satisfied: either i) photon have a bare mass, equal to the axion mass, or ii) photon and axion fields are massless [36] . Notice that the first condition is naturally satisfied in the VSR framework, showing hence that VSR axion electrodynamics has duality symmetry by construction.
At last, utilizing the Noether' theorem, we are able to calculate conserved charge and current.
These are
From the above expressions, the conservation of current ∂ µ J µ = 0 is evident.
V. CONCLUSION
In this paper, we have studied a VSR inspired modification of the axion electrodynamics.
The analysis consisted in first formulation a SIM(2)-VSR axion electrodynamics, with the expectation that the nonlocal (Lorentz violating) effects would contribute in a novel way showing 2 Notice, however, that the mass term here is due to VSR effects, i.e.∂µφ∂ µ φ = ∂µφ∂ µ φ − m 2 φ 2 .
a distinct departure from the usual theory. Due to the results obtained, a natural extension of the present analysis would be a study concerning QCD, more precisely the strong CP problem in the VSR setting, where the Lorentz violating effects might play an interesting part in the Peccei-Quinn mechanism.
We started with a brief review on the VSR formalism for the Abelian gauge sector so that we have a proper formulation of the VSR axion electrodynamics. In order to extract physical features of the model, we have chosen to exploit Primakoff interaction, i.e. the photon-axion transition. First, we have considered the inverse Primakoff process, the production of axions due to a photons source. In this case, we have fully established the axion field solution in the presence of an external magnetic field.
Next, we have considered the production of photons due to axions source, more precisely we computed the photon-axion conversion probability. In particular, we have shown that in the VSR framework we naturally have the strong mixing regime, i.e. the maximum production of photons due to axions. Besides, we have computed the photon circular polarization by means of Stokes parameters, showing in the Primakoff process in a VSR framework the change of linearly polarized light to a circular one.
At last, we have discussed the duality symmetry in the VSR setting. It is remarkable to notice that due the fact that both photon and axion acquire the same mass m due to VSR effects, showing thus that VSR axion electrodynamics is by construction invariant by duality symmetry.
